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1. Introduction. Let G be an unbounded open set in Euclidean n-space E,. In
this paper we investigate (for a large class of such domains) the problem of deter-
mining for which values of m, p, j and r the Sobolev space imbedding

M wg-(G) - WE'(G)

is or is not compact. Provided j < m continuous imbeddings of this type are known
to exist for p<r<np(n—mp+jp)~* if n>mp—jp or for p<r<oo if n<mp—jp
(the Sobolev Imbedding Theorem, e.g. [S, Lemma 5]). If G were bounded Kondra-
$ov’s compactness theorem [9] would yield the complete continuity of these im-
beddings except in the extreme case r=np(n—mp+jp)~1. Such compactness
theorems are useful for studying existence and spectral theory for partial differential
operators on G.

In a sequence of recent papers the writer [1]-[4] and C. W. Clark [6], [7], [8]
have studied such compactness problems for various unbounded domains. It is
clear that the imbedding (1) cannot be compact if G contains infinitely many
disjoint congruent balls, for if a fixed C* function has support in one of these
balls then the set of its translates with supports in the other balls is bounded in
any space WZ'?(G) but is not precompact in any such space. Thus a necessary
condition for the compactness of imbedding (1) is that G should be quasibounded,
i.e. that dist (x, bdry G) — 0 whenever |x| — o0, x € G. In [1] the writer has shown
that if n> 1 then quasiboundedness is not sufficient for compactness.

The dimension of the boundary of G is a critical factor in determining whether
or not (1) is compact. If G is quasibounded and bounded by smooth “reasonably
unbroken” (n— 1)-dimensional manifolds then (1) is compact [3, Theorem 1] for
any m and p and for the same values of j and r as in the case of bounded G. However
if G has discrete (0-dimensional) boundary then [2, Theorem 1] no such imbedding
can be compact unless mp > n.

Our purpose in this paper is to study the compactness of imbedding (1) for
quasibounded domains G whose boundaries are comprised of smooth manifolds

Received by the editors June 6, 1969.
(1) Research sponsored by Air Force Office of Scientific Research, Office of Aerospace
Research, United States Air Force, under AFOSR grant AFOSR-68-1531.
Copyright © 1970, American Mathematical Society

445



446 R. A. ADAMS [April

of various dimensions. Roughly speaking our results are as follows. If k is the
smallest integer for which those boundary manifolds of G having dimension not
less than n—k bound a quasibounded domain then no imbedding of type (1) can
be compact when mp <k. On the other hand, if, in addition, the boundary mani-
folds are “reasonably unbroken” and if mp>n+p—np/k then (1) is compact
for the same values of j and r as in the case of bounded G. Our results thus inter-
polate between the extreme cases mentioned above. We consider first domains G
with flat (planar) boundaries, establishing in §2 a necessary condition for the
compactness of (1) for such G, and in §3 a slightly stronger sufficient condition.
If m=1 these conditions are equivalent for certain domains. In §4 similar results
are obtained for nonflatly-bounded domains G.

As usual, in this paper W{-?(G) denotes, forp=1and m=0, 1, 2, .. ., the Sobolev
space obtained by completing with respect to the norm

m 1/p
@ - { » Iulf.p.c}
i=0

the space C¢(G) of all infinitely differentiable, complex functions having compact
support in G where

e = > LID“u(x)I’ dx.

lal=34

« denotes an n-tuple of nonnegative integers (o, ..., 0,); |o|=ea1+ - - +ay;
D*= D1 - - Din; Dy=0/0x;. Note that |ulq ,,¢c=|t|o,p,c is the norm of u in L?(G).
W™?(G) represents the completion with respect to the norm (2) of the space of all
infinitely differentiable functions on G for which (2) is finite. Provided the boundary
of G satisfies certain mild regularity conditions [5, Lemma 5] the Sobolev Im-
bedding Theorem referred to above, and also (provided G is bounded) the
Kondrasov Compactness Theorem, remain valid for imbeddings of W™?(G). No
compactness theorems of this sort are yet known if G is unbounded.

2. Flatly-bounded domains—noncompact imbeddings. Let H be a k-dimensional
plane (0<k<n—1) in E, and let a be a point on H. With respect to a new system
of rectangular coordinates z in E, having origin at @ and obtained from the usual
coordinates by an affine transformation, H has equations z; =z;= -+ =2z,_,=0,
or more simply r=0 where r=>7-F¥ z2. The coordinate r, together with n—k—1
angle coordinates collectively denoted o and the coordinates z'=(z,_x41, - - +» Za)
form a system of cylindrical polar coordinates in E, with origin at a and cylindrical
axis H.

The k-tube T;(H) of radius 8 and axis H is the set {x € E, : dist (x, H)=r<$}.
By a tube function for the tube T;(H) we mean a C* function 8: E, — [0, 1]
whose value at x depends only on r=dist (x, H) and which vanishes identically
near H and is identically unity outside T5(H).
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LEMMA 1. Let H be a k-plane in E, and ac H. Let 1 Sp <oo. If u(x)=uv(r) where
r=dist (x, H) and v € C'*((0, o0)) then for all x ¢ H

lal
| D*u(x)|? < const z [0P(r)|Prei-plel
ji=1

where the constant depends only on o, p and k.

Proof. Since z;=37%_; ¢;(x;—a;) and so 9/ox;=27}.; cj; [0z, we may assume
with no loss of generality that H is a coordinate plane and z=x. We show that
there exist homogeneous polynomials P, (x) of degree |«| (possibly the zero
polynomial) such that for >0

la}

@ DU = D P )=
=1

Since |P,,(x)| = const r'?! the conclusion of the lemma for p=1 follows at once.
The result for general p then follows from the well-known inequality

N
2. A
=1

where the constant depends only on p and N.

Note that D*u(x)=0 unless a,_j,1="--=a,=0. If 1=i<n—k then Du(x)
=v'(r)x;/r which is of the required form. Assume (3) holds for all « with || Sm.
If |8|=m+1 then D?= D,D* for some i, « where |«|=m. Applying the induction
hypothesis and the chain rule we obtain

@

P , N
< const Z |4,
i=1

m

DPu(x) = D {DyPe (X)X (r)ri=2" + Py (x)o+O(r)x,ri=2m=1
ji=1

—Q@m—j)P,, (x)pP(r)x;r?=2m =2}

m+1
B Z Pﬁ,j(x)v(j)(r)rj_2(m+ 1
i=1
where P, ; is given by
Pﬂ,l(x) = r2D{Pa,1(x)—(2m_ l)nga.l(x),
Py (%) = P DiPo ) = @m—))XPe )+ XiPoy a(x) 2 5j S m,
Ps.nr(%) = XiPan(x).

Clearly P, ,(x) is a polynomial of the desired type and the proof is complete.

LEMMA 2. Let A be a positive integer and let r=s*, s>0. If fe C’((0, )) and
1=<p<oo then

) (@larfr )P < const S A-tgo-ne| fo()]s

where the constant depends only on j and p.
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Proof. Again the case of general p follows from the special case p=1 via (4).
For p=1 (5) is an immediate consequence of the formula

®) @ldry = A3 S Py, (0s*-V(d/ds)

where P, ; is a polynomial of degree i depending on j. We prove (6) by induction
on j. Note that d/dr=2XA"1s'"*d|ds which is of the required form. Assuming (6)
we have

J
(ddry*t = X1 > Py, (NA-1st~Ad]ds[s'~M(d]ds)]
i=1

Jj
= A-U+D Z Py_y (N){st*1-2=M(d[ds)+ 1+ (i— Nj)s' =M ~N(d[ds)'}
i=1

j+1

= \-U+D z P,+1_;,j+1(/\)s""(“1)(d/ds)‘
i=1

where the polynomials P ;, , are given by
Po;41(A) = Py (),
Piji(A) =P (N)+(G+1—-i—X)P;_1 () forl =i j-1,
Pj ;11D = (1=X)P;_1 §(}),

which are of the desired form.

LEMMA 3. Let T be a k-tube in E, with axis H and radius §<1. Let 1 Sp<0
and let X be a positive integer. Then there exists a tube function 0 for T satisfying for
|| >0,

| D*0(x)|? < const A~PsP-2rlal
where s*=r=dist (x, H) and the constant depends only on «, n, p and k and not on A.

Proof. Let f: [0, 0) — [0, 1] be a fixed C* function such that f(s)=0 near s=0
and f(s)=1 for s*2 8. Define 8 by 6(x)=uv(r)=/(s). Clearly 6 is a tube function for
T. By Lemmas 1 and 2 we have

la|
lDag(x)lp < const Z r"f-PlﬂIIv(j)(r)Ip
i=1

la| Jj

< const 2 Z A-trgto-Avial| fi(g)|?
j=1 i=1

< const A~ PsP ARl

The final inequality follows because whenever D*6(x)#0, s<8/*<1, and also
| f¥(s)| < const for 1Zi<|al.

In the following lemma we consider several (n—k)-tubes in E, simultaneously.
Hence all the related quantities 6, r, o, z’, s, H carry subscripts ranging from 1 to N.
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LEMMA 4. Let S be a bounded open set in E,. Let H,, . . ., Hy be a finite collection
of (n—k)-planes which intersect S. Let m be a positive integer and let £ > 0. If either
p>land mp<k or p=1 and m<k then there exists a function y € C*(E,) with the
properties:

() $(x)=0 for x near U, H,,

(i) 0= ¥(x) =1 for all x,

(iii) ¥(x)=1 for x in E,—\J)., T,(H,), >0,

(iv) [D%|o,p,sSe for 0<|a|=m.

Proof. We first consider the case that no. two of the planes H, intersect in S.
It is then possible to choose 8 < | small enough so that if T,=T,(H,)then T, N T, N S
is empty if i#j. By Lemma 3 there exist tube functions 6, for T; satisfying

| D*6,(x)|P < const A~Psp~2elal

where s} =r;=dist (x, H;) and the constant is independent of A and « for 0 < || < m.
Let (x)=0,(x)0(x)- - - O5(x). Clearly ¢ satisfies (i)-(iii). Note that D%} =0 outside
UM, T; and that D%)(x)= D*0(x) in, T;. We have

N
10U s = 2. [ 1D0 0l dx
i=1 JSNTy
N

const A~? f sp-relelpk=1 gy, do, dz;
i=1 JSNT;

IA

1
const )\“"f sp-Avlal+2k=1 g
0

IIA

The final constant depends on «, p, n, k, N and diam S but not on A. If |«|<m
and mp <k then p— Ap|e| + Ak >0 and so

ID*]8.5.s = const A*~?(p+ Mc— Ap[a)~*.

The expression on the right can be made arbitrarily small for sufficiently large A
provided either p>1 or m<k. This establishes (iv).

The case of intersecting H; remains to be considered. Again pick §<1 small
enough so that T, T; N S is empty whenever H, N H,; N § is empty. Define 6,
and ¢ as above. The general Leibniz formula states

@) D(x) = >

( * )D‘3101(x)- -+ DBn 0y (x).
B1+ - +By=a :Bl, RS ] BN

For estimates of | D*}(x)| we may drop from terms in the Leibniz expression any
factor DA:0,(x) for which B;=0 because |6,(x)| <1. For simplicity consider a term
DF10,(x)- - - D% fy(x) where no B; is zero. Decompose S into the union of N sub-
regions S; such that in S; we have s,<s, for i#j. We now obtain via Lemma 3 in
the manner above, noting that whenever D?:0,(x)#0 then 5;<8=1
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N
L |D510,(x)- - DO ()P dx = > fs |DR0,(x)- - - D 0y(x)|? dx
j=1 )

N
< const A~N? Z f spAPIBLLL L B APIBN T dx
j=1 J5;

IA

N
const A~¥? Zj syp-avial gy
i=1J8;

IIA

1
const AL~ P f sNP-Aplal+2k-1 fg
0

const A “¥?(Np + Mk — Aplaf) =2
Similar estimates can be found for all terms in (7) and (iv) follows once more by
taking A sufficiently large.

DErINITION. Let G be an open set in E,. G is called a regular domain if bdry G
=JrZ} G, where G, is the union of a locally finite collection of smooth manifolds
of dimension k in E,. A regular domain G whose boundary manifolds are all
segments of planes of various dimensions will be called a regular flatly-bounded
domain. An unbounded regular domain G is called 0-quasibounded if it is quasi-
bounded, i.e. if there exist at most finitely many disjoint congruent balls Q in G,
having any specified positive radius, which do not intersect the boundary of G.
G is called k-quasibounded (1 £k < n—1) if there exist at most finitely many disjoint
congruent balls Q in G, having any specified positive radius, such that Q N bdry G
cUkz¢ Gi; e if dist (x, UPS G) — 0 as |x] -0, xeG. For 15k<n—1 the
condition of k-quasiboundedness is stronger than that of (k — 1)-quasiboundedness.

IA

THEOREM 1. Let G be a regular, quasibounded, flatly-bounded domain in E,. Let
k be the smallest integer (1 £k Zn) for which G is (n—k)-quasibounded. If either
mp=<k and p>1 or m<k and p=1 then no imbedding of the form

W§-*(G) ~ Wi"(G)
can be compact.

Proof. For 2=k <n since G is not (n—k+ 1)-quasibounded there is a sequence
of congruent open balls {Q;}, in G such that Q; N bdry G is contained in the
union of finitely many (n—k)-planes. If k=1 balls Q; with this property exist
trivially since G is regular and flatly-bounded. Let Q denote any one of these balls
and let Hy,..., Hy be the corresponding (n—k)-planes. Let o€ C3(Q) be a
function for which

Iello,r.e = 2C > 0, lelnpe =K < co.

There exists a constant M such that for all x € E, and for all « with 0= |«|<m,
| D*p(x)| £ M. Choose 8,>0 small enough so that the sum of the volumes of the
intersections with Q of the (n—k)-tubes T, (H,), i=1,..., N, does not exceed

(C/M)'. Let .
°T K[Mlagm BZa (;)]
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By Lemma 4 there exists for some 8 < §, a function ¢ € CF(E, —\ UM, H)) satisfying
0=¢(x)=1, P(x)=1 outside UM, T,(H;) and || D%|o,.0=<e for 0<|a|<m. Let
y=¢-p=p—¢p(l —¢). Clearly y € C&(Q N G). Putting T;=T,(H;) we have

||7“o,r,c 2 ||<P||o,r,o" "‘P”o,r,on<T1u~~~uT~>
22C—-Mvol 9N (T, U--- TP 2 C.

Moreover, for 0< || <m

Dy =D+ S (5) D4,

B<a

10e.0 S 1D%losat 3, (5)Me < 2K

B<a

Thus if KP=34<m | we have |y|m.p.¢ <2KK;.
Now let ¢;, i=1, 2, ... be a translate of ¢ with support in Q; and let y; be con-
structed from ¢; as y from ¢ above, so that

"')’i”o.r,a 2 C, "')’t"m.p.c < 2KK,.

The sequence {y,}, though bounded in W§?(G) has no subsequence converging in
L*(G). In fact if i#j then |y;~v;llo.;.c=2"". Thus the imbedding

W§-2(G) — W3'(G) = L'(G)

if it exists cannot be compact. Neither can the imbedding W3?(G) — W3 '(G)
for if this latter imbedding were compact then so would be the composition

W (G) — W§'(G) — L'(G).

3. Flatly-bounded domains—compact imbeddings. Let H be a k-plane in
E, and let a € H. We denote by T, ,(H, a) the tube segment of radius 8 and length
2p having axis H and centre a. Thus, if P is the orthogonal projection operator
on H then

Ts ,(H,a) = {xeE, : dist (x, H) < 8§, dist (Px, a) < p}.
LEMMA 5. Let H be an (n—k)-plane in E, (1<k=n) and let ac H. If either

p>k or p=k=1 then there exists a constant depending only on p and k such that
for each 8, p>0

I¥llo,p.r = const 8|yl p,r
for all ye C§(E,— H N T) where T=T, ,(H, a).

Proof. First consider the case p>k. Let (r, o,z’) denote cylindrical polar
coordinates in E, with origin at a and cylindrical axis H. By Holder’s inequality
for (r,o,z)eT



452 R. A. ADAMS [April

4
[Ar, 0, 2))|Pr*-* < 881

J" %y(t, o, 2') dt
0

0 6 p-1
< ak-lf | D, o,z’)I”t""ldt{f t""‘”""‘”dt}

0 [}
< (”—_l)p—1 ap-lr | Dgy(t, @, 2')|Pt*~1 dt
= p—k o t » Y .

Integrating over = and Z the domains of the variables o and z’ respectively in T
we obtain

(/]
I8 = f do f dz’ j I, o, 2)[Pre= dr
z ¥4 0

p_l p-1 6 [
(—) av-lf er‘ daf dz'J | Dot o, 2') [P~ dr
p—k 0 = z 0

const 8|y|% ,.r.

IA

IIA

For the special case p=k=1 we have
0]
Yl = I 2] < [ 1D 2] i,
'] s
Ilonr < L &' fo dr fo |Doft, 2)| dt < Sly|sar

COROLLARY. Under the conditions of the lemma, if 1 Sq=<p then there exists a
constant depending only on p, q, k, n such that for all §>0

"‘)’"o,q.T < const 81+”m_n“’|7|1,p,r

for all y e CP(E,— H N T) where T=T; ,(H, a).

Proof. By Hoélder’s inequality and since vol T=const "

l¥llo,p,rlvol TJHa-1r»

I7llo.ar =
< const 81+”"""”|Y|1,p,r~

DEerINITION. Let G be an unbounded, regular, flatly-bounded domain in E,.
We shall say that G has the k-tube property if for every sufficiently large positive
number R there exists a positive number 8= 8(R) with the properties:

(i) 3(R) —>0 as R — o,

(ii) for each xe€ Gy={y € G : |y| > R} there exists a k-plane H and a point
a € H such that x € T; ,(H, a) and H N Ty 05(H, a)<bdry G.

It is clear that if G has the k-tube property then G is k-quasibounded. Of course
the converse is not true as the planar segments comprising the boundary of G
may have too many gaps to satisfy condition (ii). For domains G whose boundaries
consist only of whole planes the k-tube property is equivalent to k-quasibounded-
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ness. Other examples of domains with the k-tube property are not difficult to
construct—for example Clark’s *“spiny urchin” [7] has the 1-tube property in E..

LEMMA 6 (A VARIANT ON POINCARE’S INEQUALITY). Let G be an unbounded,
regular, flatly-bounded domain in E, having the (n—k)-tube property for some k
(1=k=n). If 1 Sr<p where either p>k or p=k=1 then there exists a constant
depending only on n, k, p and r such that for all u € W}-*(G) and all sufficiently large R

lulo,r,c < const [B(R)I*+™ =" |y|, , c.

Proof. Fix R large enough so that 8 =8(R) exists. If « is an n-tuple of integers
(not necessarily nonnegative) let Q,={x € E, : e;n~12 § < x,;<(ey+ 1)n~1/28}. Then
E. =), Q.. If x € Gy then x € Q, for some « and there exists an (n—k)-plane H
and a point a€ H such that xe T, (H,a)=T and HN T'<bdry G where T’
=Tss.26(H, a). Clearly Q,=T’. For any y € C§(G) since y vanishes near H N T’
we have by the corollary of Lemma 5

Iyllo.rr
const (28)1 +n/r-n/pl.y|1,p,T,

const 81 MNP y|y 4 on

"7"0.r,0ar\Gn

IA A TIA

where Q, is the union of all the cubes Q; which intersect 7". There is a number N
depending only on n such that any N+1 of the sets Q, have empty intersection.
Summing the above inequality over all « for which Q, meets G we obtain

I¥llo.r.ce S const N-8H*Hr=22ly[, , g

and this inequality extends by completion from C§(G) to W¢?(G).

THEOREM 2. Let G be an unbounded, regular, flatly-bounded domain in E, having
the (n—k)-tube property (1<k=n). If either p>k or p=k=1 then the imbedding
W +Lo(G) — W'(G) (exists and) is compact for m=0,1,2,... and 1Sr<o if
pZnorfor 1 Sr<np(n—p)~tifp<n.

Proof. First consider the case 1<r<p, m=0. To prove that the imbedding
W?(G) — L'(G) is compact we use the following compactness criterion for sets in
L'(G): a sequence {u;};>; which is bounded in L'(G) is precompact in L'(G) provided

(a) for every bounded G'<G the sequence {¥;|G'} is precompact in L'(G’), and

(b) for each >0 there exists R> 0 such that for all i, |u;.,,6, <e

Lemma 6 and condition (i) of the (n—k)-tube property assures us that (b) is
satisfied for any sequence {¥;} bounded in W3'*(G). To establish (a) let G’ be a
bounded subset of G. Then for some R, G'= Kz={x € E, : |x| £ R}. Let W'?(G, R)
denote the completion with respect to the norm |- | ,.6nx, Of the space C3(G).
The imbedding W*?(Kg) — L'(K3) is known to be compact (Kondra$ov’s Theorem)
and since an element of W-?(G, R) can be extended to be zero outside its support
so as to belong to W?(Ky) it follows that W:?(G, R) is compactly imbedded in
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L'(G N Kg). But {4;|Kz} is bounded in W'?(G, R) and hence precompact in
L(G n Ky) whence {u;|G'} is precompact in L'(G’) as required.

By Sobolev’s Imbedding Theorem W{'?(G) is continuously imbedded in LYG)
for any g satisfying p<g<oo if p2n or p<q=<np(n—p)~* if p<n. Select such a g
and a sequence {&;} bounded in W{'*(G) so that, say, ||#;].q.c < C. We may assume,
passing to a subsequence if necessary, that {} converges in L?(G). By Holder’s
Inequality if pSr<gq

lui=ullore £ li—wsll8, 5.6l —wsl|53%
= (zc)l_)\"uz_ujllg.p,c

where A=p(q—r)r~—(g—p)~*>0. Hence {;} converges in L'(G) and so theimbedding
W¢P(G) — L'(G) is compact for 1=r<oo if p=n and for 1 Sr<np(n—p)~* if
p<n.

Finally, if {«} is bounded in WZ**-?(G) then for any « with 0= |«| <m, { D%}
is bounded in W}'?(G) and so has a subsequence convergent to an element v,
of L'(G). In particular (for a suitable subsequence) u; — v, in L'(G) and so in the
sense of distributions. Since D*u; — v, in L'(G) and D"u; — D%, in the sense of
distributions it follows that v,= D%, and u; — vy in W'(G). This completes the
proof.

This theorem affords for imbeddings of the sort W3'?(G) — L'(G) on domains
G for which (n—k)-quasiboundedness is equivalent to the (n—k)-tube property,
a complete converse to Theorem 1. For imbeddings W§?(G) — L'(G), mz2,
we do not fare quite so well.

THEOREM 3. Let G be an unbounded, regular, flatly-bounded domain in E, having
the (n—k)-tube property (1 <k <n). Then the imbedding

We(G)— Wi'(G), 0=j<m,

is compact in any of the following cases:
(i) m=p=k=1,
(ii) mp>n+p—nplk, p<r<p*,
(iii) mp>n+(j+)p—nplk, 1 =r<p*,
where p*=np(n—mp+jp)~* if n>mp—jp and p* =0 if n<mp—jp.

Proof. The case m=1 has already been proved. If m=2 the imbedding
Wr»(G) — W3%(G) is continuous for p<qg=<np(n—mp+p)~* if n>mp—p and
pSr<o if n<mp—p. By Theorem 2 the imbedding W} %G) — L?(G) is compact
provided ¢>k. Since mp>n+p—np[k is equivalent to np(n—mp+p)~*>k such
g>k can always be chosen and so the composed imbedding W§-?(G) — L?(G) is
compact.

By a standard interpolation theorem for Sobolev spaces [5, Lemma 6] there
exists a constant K such that for 0<j<m, p<q<p* we have

lulsre = Kluls.p.clulssl
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for all ue W?(G) where A=(nr+jrp—np)(mrp)~t. Note that 0<A<1 for all
relevant values of j, m, n, r and p. If {4;};>, is a bounded sequence in WZ?(G)
then it has a subsequence again denoted {#;} which is convergent in L?(G). Since

et —shellsrc S Kl — i3 p.clthi— w550
< K2 sup [[t]|m,p, 6 s — e[| 50

it follows that {1} is a Cauchy sequence and hence convergent in W3§"(G) proving
case (ii).

If mp>n+(j+1)p—np/k (and in particular if j=0 in case (ii)) we have by
Sobolev’s theorem and Theorem 2

W{,""’(G) — W({ +1,np(n—mp+4ip +p)~ I(G) — W&"(G)

the second imbedding being compact since np(n—mp+jp+p)~* > k.

ReMARK. The condition mp>n+p—np/k implies mp>k. The converse is,
however, true for m=2 only if k=n or k <p. Thus even for domains G for which
(n—k)-quasiboundedness is equivalent to the (n—k)-tube property imbeddings of
Wm?(G) corresponding to the cases | <p<k<mp<n+p—nplk and 1=p<k=m
<n+1—n/k fail to be covered either by Theorem 1 or Theorem 3.

4. Extensions to nonflatly-bounded domains. Let G, G’ be open sets in E,.
A one-to-one transformation M from G onto G’ is called an m-diffeomorphism of
modulus C if all the components of M and M ! have continuous partial derivatives
of all orders up to and including m, and these partials do not exceed C in modulus.

LeMMA 7. Let G, G’ be open in E, and let M be an m-diffeomorphism of modulus
C from G onto G'. Let
Au(y) = u(M~'y), yeG'.

Then A is a homeomorphism from W™?(G) [respectively WZ*(G)] onto W™?(G’)
[resp. WZ+?(G')] and there exist constants C, and C, depending only on n, p and C
and not on G or G’ such that for all u € W™?(G)

Cilt|lmp.c = [Atlnp.e < Coltt|m,p,q-

Proof. A4 is a homeomorphism from L?(G) onto L?(G’) for if 9M/ox represents
the Jacobian determinant of M then

oM |\ !
{iélcp —6yl } "uHO.IJ.G é "AuHO.P,G’
oMY,
< N
< sup | — lullo.p.c

By induction and formal applications of the chain rule it is easily verified that in the
sense of distributions on G’
D¥(Au) = > M.,A(D%u)

1B1=lal
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where M,; is a polynomial of degree |B| in the derivatives of the components of
M ~? involving derivatives of orders not exceeding |«|. It follows that

P

"A“"gl.p,(.“ = Z

lalsm

const Z |A(D* )3, 5,6
1=

< const |u|5. ¢

> M A(D)
1B1= el

0,r,G’

IIA

The reverse inequality follows in a similar manner.

LEMMA 8. Under the hypotheses of Lemma T W™?(G) is compactly imbedded in
W' (G) if and only if W™¥(G") is compactly imbedded in Wi'(G'). A similar
statement holds for the spaces W3*(G).

Proof. Suppose the imbedding W™?(G) — W/'(G) is compact. Let {#,}>, be a
bounded sequence in W™?(G’). Then {4~ 'y} is bounded in W™?(G) and so has a
subsequence converging in W/7(G). The corresponding subsequence of {u;} is
convergent in W7"(G’) whence the imbedding W™?(G") — W7"(G’) is compact.
The other cases are proved similarly.

Of course Lemma 8 can be used to obtain immediately the conclusions of
Theorems 1-3 for any domain G which is m-diffeomorphic to an unbounded,
regular, flatly-bounded domain G’ satisfying the conditions of the particular
theorem. As most quasibounded domains do not have this property we obtain
generalizations of these theorems with localized hypotheses.

THEOREM 4. Let G be a regular, unbounded domain in E,. Let k be the largest
integer (1 < k < n) for which for some constant C there exist infinitely many mutually
disjoint open sets U in G each of which is m-diffeomorphic with modulus not greater
than C to the unit ball B in E, in such a way that U N bdry G is mapped into a subset
of the union of finitely many (n— k)-planes. (In particular G is not (n—k + 1)-quasi-
bounded.) If either mp<k, p>1 or m<k, p=1 then no imbedding of the form
Wa?(G) — W§'(G) can be compact.

Proof. Let {U;}2, be a sequence of mutually disjoint open sets in G for which
there correspond m-diffeomorphisms M;: U; — B having modulus £ C and such
that MU, N bdry G)<B N P, where P, is the union of finitely many (n—k)-
planes. Let ¢ € C3(B) be such that

"w"o,',ﬂ = Cl > 09 "‘P"m,p,B = Kl < 00.

By the method used in the proof of Theorem 1 we can construct functions
y; € C§(B—P)) such that

I7iloss 2 C2 >0, [%ilmp5 = Kz < o,

the constants C, and K; being independent of i. Denoting by 4; the operator for
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which Au(y)=u(M; 'y), y € B we have by Lemma 7 that there exist constants C,
and Kj; again independent of i such that

|47 illo,e 2 Cs > 0, "At_l‘)’t"m,p,a S Ks<o
and
A7y, € CP(U, N G).

The noncompactness of the imbedding W?(G) — W§''(G) now follows as in
Theorem 1.
As an analog of the compactness Theorems 2 and 3 we have

THEOREM 5. Let G be an unbounded open set in E, with the property that there
exist constants C, R, and K such that for each RZ R, there exist positive numbers
d(R) and 8(R) with the following properties:

(i) d(R)+8(R) —~0as R— o,

(i) d(R)/(R)< K, RZ R,,

(iii) for each x € Gg={x € G : |x| > R} the ball B,(x) of radius 3(R) and center x
can be mapped by a 1-diffeomorphism M of modulus < C onto a set S in E, such that
Jor some (n—k)-plane H (1 £k < n) and some point a € H we have S< Ty, ar(H, a)
and H N Ty ar)(H, a)= M (bdry G N By(x)).

Then the imbedding WT*(G) — W§'(G), 0 =< j<mis compact in any of the following
cases:

(@) m=p=k=1,

(b) mp>n+p—nplk, p<r<p*,

(c) mp>n+(j+1)p—nplk, 1 <r<p*,
where p* =np(n—mp+jp)~* if n>mp—jp and p*=o0 if n<mp—jp.

Proof. The conclusion is the same as that of Theorem 3 and the proof is identical
if we reprove Lemma 6 (Poincaré’s inequality) under the conditions of this theorem.
Thus, let p>korp=k=1andlet | <r=<p. Fix R> R, and let d=d(R) and 8= 3(R).
Define the cubes Q, as in the proof of Lemma 6. If x € G, then for some «, x € Q,
< By(x). There exists a 1-diffeomorphism M of B= B,(x) onto S< E, having modulus
=C and there exists an (n—k)-plane H and a point a € H such that S<T=
Ty,4(H,a) and HNT<M(B N bdry G). For any ye CQ(G) we have that Ay
(defined by Ay(y)=v(M ~'y), y € S) vanishes near H N T. Thus by the corollary
of Lemma 5, Lemma 7 and the fact that d< K§

"')’”o.r,s < const "A'}’"o.r,s
const d* ¥ P || Ay, , ¢
const §1+nir—nip "'}'lll,p,M' 17y
const 81+ |y, o

”)’"o,r,oanau

IAIA IIA TIA

where @, is the union of all the cubes Q, which intersect M ~(T). Since the modulus
of M is bounded, M ~! is Lipschitzian and there exists a constant A such that
M ~Y(T)< B,y(x)< Bygs(x). Thus there is a constant N independent of R and x
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such that any N+1 of the sets Q, have empty intersection. Summing the above
inequality over those o for which Q, meets G, we obtain, as in Lemma 6, the
required form of Poincaré’s inequality.

5. An application to differential operators. Let L be a linear partial differential
operator of order 2m in G given by

Lu(x) = Z a,(x)D*u(x)

lal=2m

with coefficients a, infinitely differentiable, bounded, complex functions on G.
Suppose L is such that it satisfies the boundedness condition

< colelmz.cl¥lmec

||| Zotome) ax

for all ¢, € CF(G), and also Garding’s inequality

Re [ Lp(xjp00) dx 2 culplazo—calolda

for all p € C{(G), where ¢o, ¢; >0 and c, are constants. The realization of L in
L*(G) corresponding to null Dirichlet boundary data is an operator T in L*G)
defined by
Dom (T) = Wg*G) N {fe L%G) : Lf € LAG)}
If=Lf, feDom(T).

THEOREM 6. If G is open in E, and satisfies the conditions of either Theorem 3 or
Theorem 5 with 2m>n+2—2nlk then T as defined above is a closed linear operator
in L*G); the spectrum o(T) is discrete and has no finite limit points; for A ¢ o(T)
the resolvent operator Ry(T)=(M—T)"! is completely continuous.

The proof is identical to that of the standard theorem of this type. A sketch
can be found in [6].
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